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a b s t r a c t
For the purpose of enhancing the discriminability of convolutional neural networks (CNNs) and facilitating the optimization, we investigate the activation function for a neural network and the corresponding initialization method in this paper. Firstly, a trainable activation function with a multi-layer
structure (named “Multi-layer Maxout Network”, MMN) is proposed. MMN is a multi-layer structured
maxout, inheriting advantages of both a non-saturated activation function and a trainable activation function approximator. Secondly, we derive a robust initialization method speciﬁcally for the MMN activation
with a theoretical proof, which works for the maxout activation as well. Our novel initialization method
could reduce internal covariate shift when signals are propagated through layers and solve the so called
“exploding/vanishing gradient” problem, which leads a more eﬃcient training procedure of deep neural
networks. Experimental results show that our proposed model yields better performance on three image
classiﬁcation benchmark datasets (CIFAR-10, CIFAR-100 and ImageNet) than quite a few state-of-the-art
methods and our novel initialization method improves performance further. Furthermore, the inﬂuence of
MMN in different hidden layers is analyzed, and a trade-off scheme between the accuracy and computing
resources is given.
© 2017 Elsevier B.V. All rights reserved.

1. Introduction
A resurgence of neural networks (NN), also called deep learning
(DL), has drawn much attention since 2006, mainly due to the
signiﬁcant performance gain in visual recognition tasks, such as
recognizing objects [1–3], faces [4,5] and hand-written digits [6],
especially in the presence of a large amount of training data. DL
is a branch of machine learning based on a set of algorithms that
attempt to learn representations of data using deep architectures
[7–11].
The convolutional neural network (CNN) [12] is one of the
most popular DL models applied in computer vision and its representational power increases dramatically with the depth [2,13].
However, when training a deep CNN employing the stochastic
gradient decrease (SGD) algorithm, the error gradient weakens as
it moves from the back of the network to the front. Consequently,
higher layers could be trained well while lower layers often get
stuck during training, almost stay the same as what they were
initialized. Furthermore, the performance of our deep CNN may
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be not superior than that of a shallow network. Such arduousness in the training procedure is mainly due to the vanishing or
exploding gradients problems [14,15] with the depth increasing.
Several techniques, such as pre-training [16], data augmentation
[1–3], regularization techniques [6,17,18], novel non-linear activation functions [1,19–25] and sophisticated initialization methods
[14,25], have been proposed to solve diﬃculties of training deep
neural networks.
Among recent advances of DL above, various activation functions and sophisticated initialization methods are two most effective ones that solve the vanishing or exploding gradients problems.
On the one hand, whether the error gradient could propagate back
to the lower layer depends on the activation function. The widely
used strategy is to replace the saturated activation function (e.g.
sigmoid or tanh) with the rectiﬁed linear unit (ReLU) [19], which
is a non-saturated activation function and the error gradient could
be passed back into the lower network. ReLU is a piecewise linear
function which projects negative inputs to zeros, leading to a desirable property that activations of neural nodes are sparse. However, ReLU assigns a zero slope to the negative part. Hence backpropagation will be blocked when the unit is not activated and
a vanishing error back ﬂow has almost no effect on weight updates of lower layers. Authors in [21] presented a novel activation
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Fig. 1. Comparison of our model and a convolution neural network with maxout units.

function called maxout which assigns a non-zero slope to both the
positive part and the negative part. Maxout facilitates the optimization procedure by partly preventing hidden units from transiting to inactive. Although the maxout unit is a trainable activation
function, it is not a arbitrary function approximator. On the other
hand, a suitable initialization method plays an crucial role on training a deep neural networks. Otherwise, a unfavorable initialization may lead to a long learning stage and a poor solution. As we
all know, deep learning is non-convex optimization and the solution to a non-convex optimization algorithm depends on the initial
values of parameters. Approaches such as the unsupervised pretraining [26], the transfer learning [27] and various initialization
methods [14,25] are proposed for the sake of superior initial values
for the optimization procedure. As pointed out in Glorot et al. [14],
a properly scaled uniform distribution for initialization could solve
the vanishing or exploding gradients problems, which is called
“Xavier” initialization method in [28]. Nevertheless, the theoretical derivation is based on the assumption that the activations are
linear, which is obviously not valid in a deep neural network. Afterward, He et al. [25] derived a robust initialization method particularly considering the rectiﬁer nonlinearities. By rescaling the distribution of each layer’s inputs at the initial state, lower layers in a
extremely deep architecture could be eﬃciently trained.
Inspired by replacing a single conventional convolutional layer
by a more complicated micro neural network, called “Network
In Network (NIN)” [23], we proposed a joint supervised training
framework that a micro deep network called MMN is trained
as the nonlinear activation function together with parameters
of each ﬁlter in convolutional layers. The primary advantage is
that a micro deep network with increasingly complex structures
could compactly represent a larger set of activation functions
more eﬃciently than a shallow network. In other words, there
are activation functions which could be compactly represented by
a k-layer network, but could not be represented by a (k-1)-layer
network unless it has an exponentially larger number of hidden
units. In our proposed model, the activation function is replaced
with the MMN, which is a more general nonlinear activation function approximator than the maxout unit. Here, weights of MMNs
are shared as those of the maxout unit. By sliding convolutional
ﬁlters with the MMN activation over the local patch, feature maps
are obtained and then fed into higher layers. We stacked several
convolutional layers with such MMNs and pooling layers to compose a deep CNN, which is trained by supervised back-propagation
algorithm [29]. Since each hidden unit in MMN is a maxout
unit, MMN can be treated as a multi-layer generalization of the
maxout unit, which preserves the properties of the maxout unit
while improving the capability in modelling various distributions
of latent concepts. Furthermore, because existing initialization

methods [14,25] do not make sense for MMN and maxout, we
proposed a novel initialization method specialized for our MMN
(valid for the maxout activation function as well) and provided a
theoretical proof. In addition, the inﬂuence of MMN in different
hidden layers is considered to show a trade-off scheme between
the accuracy and the computational cost. The comparison of our
model and a convolutional neural network with maxout units is
shown in Fig. 1. To verify the performance of our proposed model
and the novel initialization method, experiments are conducted on
CIFAR-10, CIFAR-100 [30] and ImageNet [31] datasets. Experimental
results show better performance of our model with dropout than
those of current state-of-the-art methods.
2. Related work
2.1. Rectiﬁed linear unit
Rectiﬁed Linear Unit(ReLU) is ﬁrst applied in Restricted Boltzmann Machines (RBM) [19]. It is deﬁned as



yi =

xi ,
0,

i f xi ≥ 0
i f xi < 0

(1)

where xi is the input to a neuron and yi is the output. ReLU has a
desirable property that activations of neural nodes are sparse.
2.2. Maxout
The maxout is a more general version of ReLU, which takes the
max operation on k(k = 2) trainable linear functions. Given an input x ∈ Rd (x is either the raw input vector or the state vector of a
hidden layer), the output of a maxout unit is formulized as follows:

hi (x ) = max zi j
j∈[1,k]

(2)

Here, zi j = xT W...i j + bi j , W ∈ Rd × m × k and b ∈ Rm × k are trainable parameters. k is the number of linear sub-hidden units where taking the maximum Fig. 2 across. In a CNN, the activation of a maxout unit equals the maximum over the k feature maps. Though the
maxout unit is similar to the commonly used spatial max-pooling
in CNNs, it takes the maximum value over a subspace of k trainable linear transformations over the same input, whereas the spatial max-pooling is corresponding to k different input.
2.3. “Xavier” Initialization
During the forward propagation, there are two kinds of unfavorable conditions. On one hand, if the weights in a network start too
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such as ReLU, maxout and MMN. Authors in [25] derived a theoretically sound initialization method by taking ReLU into account,
which accelerates the training of deep neural nets. In the following,
we derive a theoretically effective initialization method specialized
for both maxout and the MMN activation function.
4.1. Forward propagation case
Inspired by [14] and [25], we also focused on the variance of
the responses in each layer. We denote l to index the layer. For the
lth convolutional layer in a maxout network, the response is zl =
xTl Wl + bl , where xl ∈ Rd (xl is either the raw input vector or the
state vector of a hidden layer). Here, d = p2 c denotes the number
of connections of a response, with that p is the kernel size and c is
the number of the input channel. Then the output of each maxout
unit is formulized as Eq. (2).
Our initialization method is based on assumptions below:

Fig. 2. Comparison of maxout and MMN.

small, then the signal shrinks as it passes through each layer until
it is too tiny to be useful. On the other hand, if the weights in a
network start too large, then the signal grows as it passes through
each layer until it is too massive to be useful. In either condition,
it slows down the training process. Jia et al. [28] proposed a novel
initialization method called “Xavier” to keep the signal in a reasonable range of values through layers. For each weigh ﬁller, the
Xavier algorithm automatically determines the scale of initialization based on the number of input and output neurons.

MMN is a kind of trainable activation function with a multilayer structure. Given an input x ∈ Rd (x is either the raw input vector or the state vector of a hidden layer), the activation of a hidden
unit is calculated as follows:
j∈[1,k1 ]

T

fi,2j = max fi,1j W...i j + bi j
j∈[1,k2 ]

Then we have

V ar[zl ] = dl V ar[Wl xl ]

(8)

Since Wl is drawn from a Gaussian distributions with zero mean,
and Wl and xl are independent, then

V ar[zl ] = dl V ar[Wl ]E[x2l ]

3. Multi-layer maxout networks (MMN)

fi,1j = max xT W...i j + bi j

• All x and W are mutually independent of each other and share
the same distribution
• The initialized distribution of W is symmetric around zero
• The bias of each layer b equals zero

(3)
(4)

..
.

(9)

E[x2l ]

x2l .

where
is the expectation of
In the case of maxout activation function, we take max operations over two linear functions for
simplicity here, i.e. xl = hl−1 (x ) = max(zl−1,1 , zl−1,2 ), and xl is not a
symmetric distribution around zero. Because bl−1 equals zero and
Wl has the mean of zero, then zl−1 has zero mean and its distribution is symmetric around zero. In order to discover the relationship
between E[x2l ] and V ar[zl−1 ], we deﬁne

xl =

zl−1,1 + zl−1,2 + |zl−1,1 − zl−1,2 |
2

(10)

Then we obtain
T

fi,mj = max fi,mj−1 W...i j + bi j
j∈[1,km ]

(5)

..
.
T

fi,nj = max fi,n−1
W...i j + bi j
j

(6)

hi = max fi,nj

(7)

j∈[1,kn ]

j∈[1,kn ]

Here km is the number of units in the mth layer and n is the total
number of layers in MMN. The MMN activation is powerful enough
to approximate an arbitrary continuous activation function, even a
non-convex activation function such as a w-shaped curve depicted
in Fig. 3. The proof is given by Theorem 4.3 in [21]. Traditional
nonlinear activation functions, such as the rectiﬁed linear and absolute value rectiﬁer, can be approximated well by a MMN when
k is not less than two. Even if the potential feature extraction requires a more complex nonlinear activation function, a MMN could
approximate arbitrary activation functions by increasing the parameter k [21]. Meanwhile, a side effect is that the computation
complexity increases dramatically.
4. Initialization of ﬁlter weights for MMN
Glorot et al. [14] proposed an initialization method called
“Xavier” based on the assumption that the activation function is
linear. Obviously, it is invalid for non-linear activation functions

1
E[(zl−1,1 + zl−1,2 + |zl−1,1 − zl−1,2 | )2 ]
4
1
2
2
= E[zl−1
,1 + zl−1,2 + (zl−1,1 + zl−1,2 )|zl−1,1 − zl−1,2 |]
2
1
2
2
= (E[zl−1
,1 ] + E[zl−1,2 ]
2
+ (E[zl−1,1 ] + E[zl−1,2 ] )E[|zl−1,1 − zl−1,2 |] )

E[x2l ] =

=

1
(V ar[zl−1,1 ] + V ar[zl−1,2 ] )
2

Because zl−1,1 and zl−1,2 share the same distribution, we could deﬁne zl−1 as V ar[zl−1 ] = V ar[zl−1,1 ] = V ar[zl−1,2 ]. Then we have

E[x2l ] = V ar[zl−1 ]

(11)

Putting Eq. (11) into Eq. (9), we could obtain

V ar[zl ] = dl V ar[Wl ]V ar[zl−1 ]

(12)

When there are L hidden layers, the relationship between the ﬁrst
hidden layer and the last one is as follows:



V ar[zL ] =

L




dl V ar[Wl ] V ar[z1 ]

(13)

l=2

For the purpose of reducing the internal covariate shift, a proper
initialization method should meet the following suﬃcient condition:

dl V ar[Wl ] = 1, ∀l

(14)
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Fig. 3. A MMN could approximate arbitrary activation functions.

In the case l = 1, it still satisﬁes Eq. (14), since there is no activation function directly applied on the input. In summary, our initialization method requires that each Wl should obey
 a zero-mean
Gaussian distribution with a standard deviation of

1
dl

.

V ar[Wl ] =

4
2dl + dˆl

, ∀l

(20)

Since the MMN activation is a multi-layer version of the maxout
activation, hence the initialization method based on the maxout is
valid for MMN as well.

4.2. Back propagation case
5. Experiments
In the back-propagation case, what we focused is the gradient
of each convolutional layer

ˆ l h l
x l = W

(15)

Here xl and hl denote gradients ∂ ∂Loss
and ∂ ∂Loss
separately.
x
h

x l

is a c-by-1 vector and hl is a dˆ-by-1 vector where dˆ = k2 e. Here
ˆ l could be
e represents the number of ﬁlters. Notice that W and W
ˆ l is a c-by-dˆ matrix. As
reshaped from each other by reason that W
what we mentioned above, we assume
ˆ l ) are independent from each other
• hl and W (or W
ˆ l ) is symmetric around
• The initialized distribution of W (or W
zero
• The expectation of xl equals zero for all l
Taking the maxout activation function (hl = max(zl,1 , zl,2 )) into
account, we obtain

zl,k = f  (zl,k )xl+1 , k ∈ {1, 2}

(16)

Here, f  (zl,k ) = 1 or f  (zl,k ) = 0 with the same probability. Since f (zl, k ) and xl+1 are independent, we have
E[x

]

l+1
E[hl ] = E[zl,k ] =
= 0 for any k ∈ {1, 2} and E[(hl )2 ] =
2
V ar[hl ] = 12 V ar[xl+1 ]. Thus the variance of the gradient of Eq.
(15) is

V ar[xl ] =

1 ˆ
d V ar[Wl ]V ar[xl+1 ]
2 l

With L layers, we have



L

1 ˆ
V ar[x2 ] = V ar [xL+1 ]
d V ar [Wl ]
2 l

(17)



As we described before, our model is a stack of three alternating convolutional layers and pooling layers, and an objective logistic cost layer followed by a global average pooling layer over
10 feature maps on the top. There are 192 ﬁlters in each convolutional layer, which is the same size as the NIN. We also apply the
dropout(50%), which remained essential even after removing the
fully connected layers. The input size of the receptive ﬁeld in our
network is 32 × 32 taking RGB channels. All convolutional layers
use MMN as the nonlinear activation function. In each MMN, there
are two hidden layers, and each unit is a maxout unit. Weights
of all convolutional layers are initialized by our proposed initialization method satisfying Eq. (20). Our models are trained by the
Stochastic Gradient Descent (SGD) method with mini-batching. In
all the followed experiments, we operate out model using the
cuda-convnet code developed by Alex Krizhevsky [1]. To verify the
performance of the proposed model, we conduct experiments on
three benchmark datasets (CIFAR-10, CIFAR-100 [30] and ImageNet
[31], and give the comparing results with those methods reported
in literatures [6,21–23,25,32–35]. In addition, we provide the comparison between our initialization method and “Xavier” initialization method based on the same MMN model. Furthermore, the inﬂuences of using MMNs as activation functions on different feature
extraction layers are analyzed.
5.2. Experiments on CIFAR-10

(18)

l=2

The suﬃcient condition that makes the gradient back propagated
smoothly is

1 ˆ
d V ar[Wl ] = 1, ∀l
2 l

5.1. Overview

(19)

This leads to apply 
a zero-mean Gaussian distribution with a standard deviation of
2/dˆl for initialization. When initializing the
ﬁrst layer, we still adopt Eq. (19) for the same reason mentioned
in the forward propagation case.
Note that both suﬃcient conditions could not satisﬁed simultaneously. As a compromise between them, we propose a new suﬃcient condition

CIFAR-10 is an established computer-vision dataset for the sake
of object recognition. It is a subset of 80 million tiny images
dataset and composed of 10 object classes of natural images with
50 0 0 training images and 10 0 0 testing images per class [30]. Each
image is a colour image of size 32 × 32. In order to adjust model
parameters, such as the learning rate and the number of iterations,
we random select 10 0 0 samples per class as the validation set
from those training images. Before training, the same preprocessing steps including global contrast normalization and ZCA whitening are performed like in the maxout network [21]. All the compared models use the same number of feature maps such as MMN,
NIN [23] and maxout networks [21]. Test error is deﬁned as the
proportion between the number of incorrectly classiﬁed instances
and the total number of classiﬁed instances in the test set. Details
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Table 1
Test set error rates for CIFAR-10 of different methods.
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Table 4
Test set error rates for ImageNet of different methods.

Method

Test error (%)

Method

Top-1 test error (%)

Top-5 test error (%)

Stochastic pooling [32]
CNN + Spearmint [33]
Conv. maxout [21]
Conv. probout [22]
NIN [23]
PReLU [25]
MMN

15.13
14.98
11.68
11.35
10.41
9.41
9.17

AlexNet [1]
NIN [23]
MMN

40.7
40.9
39.7

18.2
18.5
17.6

Table 5
Test set error rates for CIFAR-10 ofdifferent initialization
methods.

Table 2
Test set error rates for CIFAR-10 of different methods with
data augmentation.
Method

Test error (%)

CNN + Spearmint + [33]
Conv. Maxout [21]
DropConnect + 12 networks [6]
Conv. probout [22]
NIN [23]
PReLU [25]
MMN

9.50
9.38
9.32
9.39
8.81
7.68
7.66

Test error (%)

Learned pooling [34]
Stochastic pooling [32]
Conv. maxout [21]
Conv.probout [22]
Tree based priors [35]
NIN [23]
PReLU [25]
MMN + Dropout

43.71
42.51
38.57
38.14
36.85
35.68
35.32
35.29

of the performance comparison are illustrated in Table 1, and results show that our model gives the best performance in accuracy.
Furthermore, we evaluated the performance of our model in
case of data augmentation. We augmented the training data by
randomly cropping a 24 × 24 patches of the 32 × 32 original training images. This will cause the model to train on random 24 × 24
patches and test on the center 24 × 24 patch. The comparison of
the state-of-the-art methods with data augmentation are given in
Table 2. Data augmentation helps to reduce overﬁtting and increase the performance of the algorithm through generating additional examples. Meanwhile, it signiﬁcantly increases time required
to converge. A trade-off scheme between the performance and the
computational cost should be considered. The experimental results
demonstrate MMN is a trainable activation function which can give
rise to more interesting invariances in deep convolution neural
networks.
5.3. Experiments on CIFAR-100
The CIFAR-100 dataset is similar to the CIFAR-10 dataset, except
it has 100 classes containing 600 images each [30]. There are 500
images for training, 100 images for testing per class. For CIFAR-100,
we applied the same model and hyper-parameters as in CIFAR-10,
except the last MMN layer outputs 100 feature maps instead of 10
feature maps corresponding to 100 different classes. A summary in
Table 3 shows the performance comparison of different models on
the CIFAR-100 database.
5.4. Experiments on ImageNet
ImageNet is a dataset of over 15 million labeled images belonging to 22,0 0 0 categories. In our experiments, we used a subset of

Test error (%)

MMN (Xavier)
MMN (ours)
MMN + Data augmentation (Xavier)
MMN + Data augmentation (ours)

9.63
9.17
7.81
7.66

Table 6
Test set error rates for CIFAR-100 of different initialization methods.

Table 3
Test set error rates for CIFAR-100 of different methods.
Method

Method

Method

Test error (%)

MMN (Xavier)
MMN (ours)
MMN + Data augmentation (Xavier)
MMN + Data augmentation (ours)

35.40
35.29
33.49
33.24

Table 7
Test set error rates for ImageNet of different initialization methods.
Method

Top-1 Test error (%)

Top-5 Test error (%)

MMN (Xavier)
MMN (ours)

39.7
39.4

17.6
17.4

ImageNet which has about 10 0 0 images in each 10 0 0 categories.
There are roughly 1.2 million training images, 50,0 0 0 validation
images and 150,0 0 0 testing images. Each image is resized to a ﬁxed
resolution of 256 × 256 and subtracting the mean activity over the
training set from each pixel. Considering ImageNet is a more complicated classiﬁcation task, we employed a deeper neural networks
which has 4 convolutional layers. A summary in Table 4 shows
the performance comparison of different models on the CIFAR-100
database.
5.5. Comparisons with “Xavier” Initializations
In order to validate our initialization method specialized for
networks with MMN activations, we compare our initialization
method meeting Eq. (20) with the “Xavier” initialization [14] on
the same model mentioned in the former section over CIFAR-10,
CIFAR-100 and ImageNet datasets. Here, we take into account the
data augmentation and better performance is obtained with more
expensive computational cost. A comparison of our model with
those state-of-the-art methods using convolutional structures are
shown inTables 5–7. Our initialization method has been theoretically proved in this paper to be specialized for neural networks
with MMN activations and the experimental results still verify our
conclusion.
5.6. Inﬂuence of using MMN in different layers
As we mentioned before, this new type of activation function
has greater capability than the maxout. However, it is computationally expensive for training. In case of the limitation of computing resources, replacing a portion of activation functions with
MMNs is an effective way to improve performance of deep models. In order to identify the inﬂuence of MMN in different layers of

Please cite this article as: W. Sun et al., Improving deep neural networks with multi-layer maxout networks and a novel initialization
method, Neurocomputing (2017), http://dx.doi.org/10.1016/j.neucom.2017.05.103

ARTICLE IN PRESS

JID: NEUCOM
6

[m5G;September 15, 2017;9:31]

W. Sun et al. / Neurocomputing 000 (2017) 1–7
Table 8
Test set error rates and computational costs for CIFAR-10 of different
methods.
Method

Test error (%)

Time (h)

3-Conv.NIN [23]
Conv.MMN + 2-Conv.NIN
Conv.NIN + Conv.MMN + Conv.NIN
2-Conv.NIN + Conv.MMN

10.41
9.99
10.29
10.34

5.93
7.15
6.38
5.97

Table 9
Test set error rates and computational costs for CIFAR-100 of different methods.
Method

Test error (%)

Time(h)

3-Conv.NIN [23]
Conv.MMN + 2-Conv.NIN
Conv.NIN + Conv.MMN + Conv.NIN
2-Conv.NIN + Conv.MMN

35.68
34.74
35.13
35.25

5.83
7.08
6.04
5.90

a deep model, we designed extensive experiments on CIFAR-10 and
CIFAR-100 datasets by replacing only one NIN of the current stateof-the-art method proposed in [23], with a MMN of the same size.
All experiments are run on a NVidia GeForce GTX Titan Black(6GB).
The experimental results show that modeling with activation functions in lower layer replacing by MMNs, has lower error rate and
simultaneously a more expensive computational cost we have to
afford. Details of experimental results are given in Tables 8 and 9.
Our MMN activation could be applied in any layer of deep neural networks ﬂexibly and improve performance of models. The only
factor we should take into account is a trade-off between the performance and the computational complexity.
6. Conclusions
A novel nonlinear activation function named “Multi-layer Maxout Network (MMN)” for feature extractions and correspondingly a
theoretically sound initialization method are proposed in this paper. MMN is a trainable universal approximator and has advantages
of both the maxout unit and the deep neural network. Furthermore, our theoretically sound initialization method, which is suitable for activation functions such as MMN and maxout, helps with
training deep models by reducing problems of vanishing or exploding gradients and yields competitive performance on three datasets
(CIFAR-10, CIFAR-100 and ImageNet). In addition, since deep neural networks with MMN are more time-consuming than those with
conventional activation functions, replacing a portion of activation
functions with MMNs is proposed as a trade-off scheme between
the accuracy and computing resources. We demonstrate the inﬂuence of MMN in different hidden layers and recommend that it is
more effective to replace activation functions of lower layers with
MMNs than those of the others in case of computing resource limitation.
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